A model of oxygen diffusion in absorbing tissue  by Liapis, A.I. et al.
Mathema?icai Modefling, Vol. 3, pp. 83-92, lQ% 
’ Printed in the USA. All rights reserved. 
0270-0255/82/010083-10$03.00/0 
Copyright 0 1982 Pergmon Press Ltd. 
A MODEL OF OXYGEN DIFFUSION IN ABSORBING 
TISSUE 
A. I. LIAPIS,* G. G. LIPSCOMB,+ AND 0. K. CROSSER 
Department of Chemical Engineering 
University of Missouri-Rolla 
Rolla, Missouri 65401, USA 
E. TSIROYIANNI-LIAPIS 
Microbiology Laboratory 
Children’s Hospital of Athens 
Agia Sophia, Athens, Greece 
Communicated by Xavier J. R. Avuia 
Abstract-A mathematical model is presented which describes the diffusion of oxygen 
in absorbing tissue, and numerical solutions of its partial differential equation are 
obtained by orthogonal collocation. The diffusion with absorption model accounts for 
the presence of a moving boundary which marks the furthest penetration of oxygen 
into the absorbing medium and also allows for an initial distribution of oxygen through 
the absorbing tissue. The model predictions may be used in the development of time 
variant radiation treatments of cancerous tumors, so that the dosage of radiation could 
be varied with the changing oxygen concentration. Simple expressions are also 
presented for evaluating the surface oxygen concentration, the rate of consumption of 
oxygen per unit volume of dsorbing tissue, and the point of innermost oxygen 
penetration. 
INTRODUCTION AND PROBLEM STATEMENT 
The successful treatment of cancer by radiotherapy is dictated primarily by the ability to 
apply a radiation dosage large enough to do substantial damage to the cancerous cells 
without damaging surrounding healthy cells, and still remain within the tissue tolerance 
level of radiation. The susceptibility of cancerous cells to radiation has been shown to 
increase with increasing oxygen concentrations within the tumor [l-3]. 
Alper and Howard-Flanders [l] have shown that the dependence of tissue radiosen- 
sitivity, for bacterial cells, indicates a 2-3-fold increase in the radiation dosage would be 
required to obtain the degree of destruction for cells in the total absence of oxygen in 
comparison with oxygenated cells. This effect of oxygen allows the use of smaller 
radiation doses to achieve the desired percentage of destruction of cancerous cells. 
The method of interest for introducing oxygen within such tumors involves exposing 
a surface of the tumor to a high oxygen concentration [3,4], often under high pressure, 
and allowing the tumor to absorb oxygen until a steady-state condition is reached where 
no further penetration of oxygen into the tissue occurs. This steady state is charac- 
terized by a particular oxygen profile within the tumor resulting from internal con- 
sumption of the absorbed oxygen by cancerous cells and the diffusional resistance to 
oxygen transport within the tumor. Therefore, the surface may be considered ts have an 
oxygen concentration proportional to that of the oxygen source and a point exists within 
the tissue at which the oxygen concentration has dropped to zero, marking the point of 
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innermost penetration. Once this steady state occurs, the outer surface is sealed off and 
radiation treatments may begin. At the same time, the oxygen within the tissue cqntinues 
to be absorbed and consumed. This removal of oxygen alters the initial steady-state 
profile and gradually the point of zero concentration (innermost penetration) will recede 
toward the originally exposed surface until no oxygen remains. 
The present paper concerns itself with the modelling and solution of this combined 
diffusion and absorption problem; the predictions of the model would allow time variant 
radiation treatment of cancerous tumors. In such treatments, the radiation dosage wou!d 
be varied with the oxygen concentration so as to compensate for the lost killing 
effectiveness resulting from oxygen consumption by the tumor. 
It should be noted that the application of the model presented in the following 
sections, is not limited to cancerous tumors, but the model may be used in describing the 
diffusion of oxygen in absorbing tissues in general. 
MATHEMATICAL FORMULATION 
The complex transport mechanisms of oxygen in absorbing tissue may be simplified 
by assuming that the transport is governed by diffusion in the “solid” sections of the 
tissue and on the surfaces of its porous networks. These two diffusional mechanisms are 
treated as one in this work as their mathematical descriptions are identical. The transport 
mechanism is taken to be one-dimensional and it is assumed that local equilibrium exists 
between the tissue and oxygen at each point, since the process of absorption is rarely 
iate limiting [4,5,6]; also the diffusion with absorption process is taken to be isothermal, 
since available data [3,4] seem to confirm the validity of this assumption. 
The continuity equation derived from a differential mass balance in the absorbing 
tissue, is given by the partial dXerentia1 equation 
where c(t, x) denotes the concentration of the oxygen free to diffuse at a distance x from 
the outer surface of the: absorbing medium at time t, D is the diffusion coefficient, and 
f(c) represents the rate of consumption of oxygen per unit volume of the absorbing 
medium and this rate may be a function of the oxygen concentration. Equation (1) is 
applicable for a slab, cylinder of sphere by putting (Y = 0, 1, or 2. 
The present work concerns itself with slab geometry and it is assumed that D is 
constant [4,6,7], and the rate of oxygen consumption is also taken to be constant, that is 
f(c) = P = constant; experimental data [4,5] indicate that f(c) is usually a weak function 
of oxygen concentration. Then, Eq. (1) reduces to the following expression: 
The diffusion with 
1. Steady state 
ac 2 
at- 
-D++. (2) 
absorption process, as stated in the previous section, has two parts. 
When the oxygen is entering through the surface, during the initial phase, the 
boundary condition is given by the expression 
c=c,atx=O,trO (3) 
where the surface concentration co is a constant. 
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When the gradient of concentration becomes zero at the point, X, in the absorbing 
tissue where the concentration itself is zero, then a steady state is obtained in which the 
concentration at every point in the tissue becomes independent of time, that is the 
accumulation term is zero everywhere. Oxygen can not diffuse beyond the point X and 
the following conditions exist: 
c=OattxrX (4) 
g=OatxZX (9 
for t 20. 
The steady-state solution of Eq. (2), which satisfies the boundary conditions given by 
Eqs. (3~(5), is easily seen to be 
, c =$(x-xy (6) 
and 
2. Unsteady state 
When the surface x = 0 is sealed, oxygen, which is already in the absorbing tissue in 
the interval 0 I x ?S X, continues to be consumed. Then5 ihe point of zero concentration 
which, in .the initial phase, was given by Eq. (7) moves towards the surface .of the 
absorbing slab. This part of the diffusion with absorption process can be represented by 
the following equations: 
l3C x=D$P. 0 5 x 5 X(f) 
$=Oatx=O, %20 (9) 
c = 0 at x = X(r), tro (IO) 
k$ = 0 at x = X(t), 
c = &(x - X)2, osxsx9 t-0, (W 
where t = 0 represents the time at which the surface is sealed. By defining a new set of 
variables as 
and denoting by Y,,(T) the value of y corresponding to X(t), Eqs. (Q--(12) reduce to the 
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following nondimensional expressions: 
ae a28 
(13) 
g=oaty=o, T>O (14) 
e = 0 at y = y0(7), 720 (15) 
ae 
ay = 0 at Y = ~~(7)~ 720 (16) 
e = 0.5(1- Y)*, OSYSl, 7=0. (17) 
The above equations represent a moving boundary problem, and since not only the 
concentration of oxygen is always zero at the boundary but, in addition, no oxygen 
diffuses across the boundary at any time, there is no relationship which contains the 
velocity of the moving boundary explicitly. 
Moving boundary problems are often tedious and difficult to solve [8,14], except in 
trivial cases [9, IO]. Often, Crank-Nicholson or other finite difference numerical schemes 
are used [8, 11, 121; these numerical methods usually require large computation times and 
are often applicable only when the velocity of the moving boundary is small. They differ 
in the way they treat the moving boundary and the grid on which numerical values are 
calculated. In general, the moving boundary will not coincide with a grid line in 
successive time steps, AT, if AT is taken to be constant and predetermined. Because of 
these limitations, the solution and parameter estimation of models which involve moving 
boundaries has been, in most cases, intractable. 
In the following section a numerical procedure based on orthogonal collocation [131 is 
presented, and used to obtain the solution of Eqs. (13~(17). 
NUMERICAL PROCEDURE 
The advantages of orthogonal collocation over finite difference methods with respect 
to stability, convergence, and computation time of the solutions are discussed exten- 
sively by Villadsen and Michelsen [15], and Finlayson [16]. The method of orthogonal 
collocation is more straightforward in application to problems with model equations of 
fixed extent [15,17,18] than it is to problems with changing domains. Consequently, we 
use a particularly simple and useful preliminary device for the numerical solution of 
one-dimensional moving boundary problems, a change of space variable in order to fix 
the position of the moving boundary ~~(7). 
Transformation to the independent variable, 
(-AL 
Ycl(T)' 
(18) 
leads to the relations 
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(20) 
The relations of Eqs. (18)-(21) transform the moving boundary problem given in Eqs. 
(13)-( 17) into a problem of fixed extent since the position of the moving boundary is 
always at 5 = 1. The transformed model equations are 
ae 5 dYo(T) a@ -=-- _ ( ) 
2 
a7 YO(T) dr X + (yof7)jZ 2 - lT ( ) 
OS~Sl (22) 
$=oatp=o, 7’0 (23) 
6=Oatl=l, 790 (24) 
$=OatE=l, %ZO (25) 
where y,,(O) = 1. 
e = 0.5(1- S$yo(s))2, OS~~l, 4=0, (26) 
The application of orthogonal collocation on the space variable of Eq. (22) yields the 
following set of ordinary differential equations: 
dei= 
dr A ““‘!<“$ Ai@,) + (yOIT))z(“s B&) - 1, Y*(T) d7 
i=2,3...N+l. (27) 
The rate of change of Y&C-) is approximated using 
dYo(7) = YO(T + AT) - YO(T) 
d7. h? o (28) 
The concentrations at the external collocation points, &‘I = 0 and 5N+2= 1, can be 
eliminated from Eq. (27) by use of the boundary conditions, Eqs. (23) and (25), which 
give 
A& + ALN+z~N+~ 
Al.1 
(2% 
e 
AN+& + AN+Z,lel 
A N+Z,N+Z (30) 
It is readily seen that the simultaneous solution of Eqs. (29)-(30) provides the values _ 
of 6, and &+2 when the values of 0z9 &. . . ON+, are known from the integration of Eq. 
(27) with the initial condition 
ej = 0.5(i - eijz3 i= l,2,3...N+2, 7=0. (31) 
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It should be noted that only the values of &, & . . . 6JN+, from Eq. (31), are used in the 
integration of Eq. (27). 
As it was stated in the previous section, there is no relationship which contains the 
velocity of the moving boundary explicitly and it is necessary to determine y,,(~ + AT) so 
as to satisfy the remaining boundary condition [Eq. (24)], in this case ON+* = 0. Thus, the 
following solution scheme for Eq. (27) is employed; the term y,,(~ + AT) assumes the 
value yol and then Eq. (27) is integrated using a third order semi-implicit Runge-Kutta 
method [19] which is also appropriate for integrating systems of stiff ordinary differential 
equations, and the value of (ON+& is obtained. If (f&+*), # 0, then we let yo(7+ AT) 
assume the value yo2; Eq. (27) is integrated again, and the value of (ON+& is obtained. If 
(ON+& # 0 then the method of “false position” gives 
you = YOI(eN+2)2 - Yo2(eN+2), 
(eN+a2 - (eN+2h 
(32) 
as the next approximation to yo(7 + AT). The estimate of yo(7 + AT) corresponding to the 
larger of the two values (&+2), and (e,+& is discarded, and (ON+& is determined from 
another integration of Eq. (27). The new estimate, yo3, and the one retained from the 
original pair yo, and yo2 are then used in Eq. (32) to obtain a further estimate yo4. This 
process is repeated until (&+a>, is less than a certain specified quantity E Q 1; the value 
used for E was 10T6. Then yen and (e,+&, represent the solution for the time variable 
‘P + AT. When advancing to a new time level, the initial estimate for y. is taken to be the 
final value at the previous time level. In this way, the calculation is progressing until the 
required time range has been covered, so that y. = 0. 
The approximation order N’ of the Jacobi orthogonal polynomials pi(t) [15] was 
tested with N = 8, 10, 12. N = 10 proved to be sufficient to obtain differences in the 
oxygen concentration only in the 5th digit as compared to the higher approximation. , 
RESULTS AND DISCUSSION 
In Figs. 1 and 2, the concentration profiles and the position of the moving boundary at 
different times, T, are shown; it is seen that as the time increases the profiles become 
flatter since at ~~(7) = 0 the concentration profile coincides with the point of origin in Fig. 
1. The concentration profile at T = 0 shows that a negative unit gradient of concentration 
exists at the surface, but for T > 0, a zero surface gradient is shown, in accordance with 
Eq. (14). 
In Fig. 2, an interesting result is observed, which is due to the mechanisms of 
diffusion and absorption in the medium, the moving boundary moves slowly since the 
process of diffusion acts in the opposite direction to the motion of the boundary whose 
mobility is induced by the process of absorption. As the time increases, the absorption 
process overtakes substantially the diffusion, the speed of the moving boundary tends to 
infinity as 7 approaches the time at which there is no longer an oxygen concentration profile 
in the absorbing tissue. 
The variation of the oxygen concentration at the surface with time is shown in Fig. 3. 
A close examination of the data reveals that the concentration e(T, 0) varies almost 
linearly with the square root of the time, T. The expression, 
e(T, 0) = 0.50- 1.136, 
provides the values of e(T, 0) to an accuracy of 3 x 10e4 as compared with the values of 
the numerical solution. One may use Eq. (33) to obtain an approximate time for the 
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Fig. 1. Oxygen concentration profiles for different times 7. 
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Fig. 2. Position of the moving boundary with respect to time. 
oxygen concentration everywhere to become zero; one sets 0(r, 0) = 0 in Eq. (33), and 
the total time of the diffusion with absorption process is equal to 0.196. This number 
agrees very well with that obtained by the numerical solution Thus, Eq. (33) may be 
used as a good approximation for predicting the oxygen concentration at the surface, 
and the establishment of a correlation between radiation dosage and surface concen- 
tration may allow time variant radiation treatments of cancerous tumors. Equation (33) 
may also be used in estimating the rate of consumption of oxygen per unit volume of 
absorbing tissue; one may experimentally [4] measure the oxygen concentration at the 
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Fig. 3. Variation of the oxygen concentration at the surface with respect to time. 
surface, c(t, 0), for a given time t >O, and then obtain p through the use of Eq. (33) 
which provides the following expression for p: 
(34) 
Knowing p from Eq. (34) and having an estimate of the diffusion coefficient D from a 
diffusion experiment [1,4], we can now estimate the point of innermost oxygen penetra- 
tion, X, through the use of Eq. (7). 
It should be noted that if a series of experimental values of c(t, 0), obtained at 
different times t > 0 and used in Eq. (34), give varying values of p, this implies that the 
assumption of constant absorption rate is not valid and that the oxygen consumption rate 
may depend on the oxygen concentration. In that case, the function f(c) has to be 
constructed and replace /3 in Eq. (2); the resulting new set of model equations should 
have to be solved in order to obtain the oxygen concentration, c(t, x). It is suggested that 
the Freundlich Equation [20] may provide an appropriate, as an approximation, func- 
tional form of f(c); then the expression for f(c) would have the following form: 
f(c) = acb, (35) 
where a and b are constants which can be determined by isothermal experiments [20]. A 
natural extension of the present work is to consider the slab problem when the rate of 
consumption of oxygen depends on the oxygen concentration, i.e., Eq. (39, as well as 
the cases at which the geometry of the absorbing medium is cylindrical or spherical. 
In Fig. 4, the variation of the average concentration, 8 with time is shown; as in the 
case of @(T, 0), the establishment of a correlation between radiation dosage and average 
oxygen concentration may also allow time variant radiation treatments of cancerous 
tumors. From an experimental point of view, the establishment of a correlation between 
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Fig. 4. Variation of the average oxygen concentration in the absorbing tissue with respect to time. 
radiation dosage and surface oxygen concentration seems to be easier than one that 
involves the average oxygen concentration [ 1,3]. 
CONCLUSIONS AND REMARKS 
A mathematical model has been presented, which describes the process of oxygen 
diffusion and absorption in tissue. The unsteady-state part of the model accounts for the 
presence of a moving boundary which marks the furthest penetration of oxygen into the 
absorbing medium, and the solution,of the yodel equations is obtained by orthogonal 
collocation after an appropriate change in the space variable transforms the moving 
boundary problem into one of fixed extent. 
It was found that at the beginning of the dBusion, with absorption process, the 
motion of the boundary is slow, but as the oxygen continues to be consumed the 
absorption process substantially overtakes the diffusion and the speed of the moving 
boundary tends to infinity, as the time is approached at which there is no longer an 
oxygen concentration profile in the absorbing tissue. 
Simple expressions were also presented for evaluating the surface oxygen concen- 
tration, the rate of consumption of oxygen per unit volume of the medium, and the point 
of innermost oxygen penetration. 
Finally, approaches were discussed which may use the model predictions in develo- 
ping time variant radiation treatments of cancerous tumors. In such treatments, the 
radiation dosage would be varied with the oxygen concentration so as to compensate for 
the lost killing effectiveness resulting from oxygen consumption by the tumor. 
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NOTATION 
Aii = Elements of the discretization matrix A of the differential operator 30/a{ 
a = Constant in Eq. (35) 
Bij = Elements of the discretization matrix B of the differential operator a%/& 
b = Constant. in Eq. (35) 
c = Oxygen concentration 
CO = Surface oxygen concentration in the steady-state part of the problem 
D = Diffusion coefficient 
f(c) = Rate of consumption of oxygen per unit volume of absorbing tissue 
N = Number of interior collocation points 
p&j 7 prtynal polynomial 
_ . 
X = Innermost oxygen penetration given by Eq. (7) 
X(t) = Position of the moving boundary 
x = Spatial position 
y = Dimensionless spatial position 
~~(7) =Dimensionless position of the moving boundary 
~01, yoz = Assumed estimates of YO(T + AT) 
a = Form factor: 0, 1, and 2 for slab, cylinder and sphere, respectively 
/.3 = Constant rate of consumption of oxygen per unit volume of the absorbing tissue 
AT = Dimensionless time increment 
e = Dimensionless oxygen concentration 
0 = Average dimensionless oxygen concentration in absorbing tissue 
6 = Variable defined by Eq. (18) 
7 = Dimensionless time 
i = Integer value 
j = Integer value 
n = Integer value 
